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We have proved on the basis of the symmetry analysis of the standard Dirac equation with 
nonzero mass that this equation may describe not only fermions of spin 1/2, but also bosons of 
Q ! spin 1. The new bosonic symmetries of the Dirac equation in both the Foldy - Wouthuysen and 
^ i the Pauli - Dirac representations are found. Among these symmetries (together with the 32- 
dimensional pure matrix algebra of invariance) the new, physically meaningful spin 1 Poincare 
symmetry of equation under consideration is proved. In order to carry out the corresponding 
proofs a 64-dimensional extended real Clifford - Dirac algebra is put into consideration. 
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^ ■ 1 Introduction 

o 

O ! The main physically meaningful result of this paper is the following. It has been shown that 
the Dirac equation (with nonzero mass!) can describe equally well both spin 1/2 fermionic field 
and spin 1 bosonic field. The Dirac's well-known result (complemented by Foldy - Wouthuysen 

^ . (FW) analysis and the Bargman - Wigner classification of fields), which is presented in each 
handbook on quantum mechanics, contains only one (fermionic) half of our consideration. 

An interest in the problem of the relationship between the Dirac and Maxwell equations, 
which describe a spin 1 field, emerged immediately after the creation of quantum mechanics 
[1-11]. The bosonic spin 1 representation of the Poincare group P, the vector (1/2,1/2) and the 
tensor-scalar (1, 0) ® (0, 0) representations of the Lorentz group £, as the groups of invariance of 
the massless Dirac equation, were found in our papers [12-17]. Here V is the universal covering 
of the proper ortochronous Poincare group P]j_ = T(4)x)L]|_ and C = SL(2,C) is that of the 
Lorentz group L^ = S0(l,3), respectively. In this paper, using the conception of the relativistic 
invariance of the theory, we consider only its invariance with respect to some representations 
of the proper ortochronous Poincare group (the group V without reflections, CPT, etc.) 

This paper is directly related to our previous papers [12-17]. It is the next logical step, 
which follows from considerations [12-17], where each symmetry of the massless Dirac equation 
is mapped into the corresponding symmetry of the Maxwell equations in terms of field strengths 
(generated by the gradient-type current), and vice versa. Let us remind that P-symmetries of 
a field equation (its invariance with respect to a certain representation of the group V) have 
the principal physical meaning: the Bargman - Wigner classification of the fields is based 



on the P-symmetries of the corresponding field equations. Relationship between the niassless 
Dirac equation and above mentioned Maxwell equations [12-17] means, in particular, that each 
equation is invariant not only with respect to the fermionic P-representation (for the s=l/2 
spin doublet), but also with respect to the bosonic tensor-scalar ^-representation (with s=l,0). 

Now we are able to present the similar results for the general case when the mass in the 
Dirac equation is nonzero. 

First we seek for the additional symmetries of the FW equation [18]. Than one can easily 
find the corresponding symmetries of the standard Dirac equation fulfilling the well-known FW 
transformation [18]. Thus, we find a wide set of symmetries of the Dirac equation in both FW 
and standard Pauli - Dirac (PD) representations. The 32-dimensional algebra A32 of invariance 
is found. In the FW representation, the algebra A32 is the maximal algebra of invariance in the 
class oi pure matrix operators (without any derivatives over the space variables). The physically 
meaningful spin 1 symmetries are found here as subalgebras of the A32 algebra. Finally, we 
have found the new hidden Poincare symmetry of the Dirac equation and fulfilled the Bargman 
- Wigner analysis of corresponding P-representation. This analysis proved that this hidden 
symmetry is spin 1 Poincare symmetry of the Dirac equation. On the basis of last assertions 
we come to a conclusion that the Dirac equation may also describe the spin 1 field, i.e. not 
only fermions of spin 1/2, but also bosons of spin 1. Thus, below the investigation of the spin 
1 symmetries of the Dirac equation with nonzero mass started in [19, 20] is being continued. 

In Sec. 2, a brief review of the general assertions about Poincare invariance and covariance 
of the spinor field theory is given. The ordinary handbook consideration is rewritten in terms 
of so-called primary generators, which are associated with the real (not imaginary) parameters 
of the groups of invariance. Few tiny and hidden assumptions of group-theoretical approach to 
the spinor field theory are explained. 

In Sec. 3, in the canonical FW-representation, the extended real Clifford - Dirac algebra 
(ERCD) is put into consideration. 

In Sec. 4, the 32-dimensional maximal pure matrix algebra A32 of invariance of the FW 
equation is found. 

In Sec. 5, the spin 1 Lorentz-symmetries of the FW and Dirac equations are obtained. 

In Sec. 6, the spin 1 Poincare-symmetry of the FW equation is proved. 

In Sec. 7, the spin 1 Poincare-symmetry of the standard Dirac equation is put into consi- 
deration. 

In Sec. 8, the brief remix of our previous results [12-17] for bosonic symmetries of the 
massless Dirac equation is presented. The specific characters of the case m = in comparison 
with nonzero mass are considered briefiy. The possibility, which is open here, of generalization 
of all results [12-17] to the general case of nonzero mass is mentioned. 

In Sec. 9, the brief general conclusions are given. 

We use the units h = c = 1; the summation over a twice repeated index is performed. 

2 Notations, assumptions and definitions 

Here we consider the Dirac equation 

{iYdf,-m)^{x)=0; <9^ = 9/<9a;'^, /i = M = 0, 1, 2, 3, V- e S(M(1, 3)) x C^ = S^•^ (1) 

as an equation in the test function space S'^'^ of the 4-component functions over the Minkowski 
space M(l,3). We note that the complete set {ip} = ^I' of solutions of the equation (1) contains 



the generalized solutions belonging to the space S'^'"^* D S^''^ of the Schwartz's generalized functi- 
ons, {ip^^^^} C S*^'^*. The mathematically well-defined consideration of this fact demands (see, 
e.g., the book [21] on the axiomatic approach to the field theory) the functional representation of 
the elements of ■?/'^°° C S"^''^*, which makes the consideration very complicated. Hence, we recall 
that the test function space S'^'^ is dense in S^'^*. It means that any element ip^^^ C S^'*^* can be 
approximated (with arbitrary degree of accuracy) by an element ip G S*^'^ from the correspondi- 
ng Cauchy sequence in the space S^'^. Therefore, here for the equation (1) we have restricted 
ourselves to the supposition ip G S^'*^. Such supposition is physically verified and essentially 
simplifies consideration without any loss of generality and mathematical correctness. 

The invariance of equation (1) with respect to the hidden transformations will be considered. 
We seek for the Bose, not Fermi, symmetries. In order to fulfill this programme let us briefiy 
recall the conventional relativistic invariance of equation (1). In the modern consideration, it is 
the invariance with respect to the universal covering V D £=SL(2,C) of the proper ortochronous 
inhomogeneous Poincare group P\ D L\_ = S0(l,3). For our purposes it is convenient to rewrite 
in the space S^'^ the standard Fermi (spinor) representation of the group V in terms of the 
primary P-generators {p = (p^), j = {jfiu))- By the definition, these generators are associated 
with the real parameters (a, oo) = {a^, oo^'^ = —u"^) with well-known physical meaning. The 
generators {p^, j^y) are the orts of the real V-algebra, i. e. the algebra over the real numbers 
(we use the similar symbols for groups and their algebras) . The necessity of using the primary 
P-generators and the real P-algebra will be evident below in our search for the additional 
(hidden) symmetries of the equation (1). 

In arbitrary representations, the primary P-generators (p^, j^y), as the orts of the real Lie 
P-algebra, satisfy the commutation relations 

{PpklVy] ^ U, \Ppi,]pcr\ = 9fJ.pPcr QptcrPpi [3piVl3pcr\ ^ 9p.p]ua QpuJcrp QucrJpp QcrpJpUl l^j 

and generate a ^-representation, which is defined by an exponential series 

(a, uj)eV^ F(a, u) = exp(a% + ^c^^'j;,.) = 1 + a% + ^w^'j;,., (3) 

where symbol = defines " infinitesimally, i. e. in the neighborhood of the unit element of the 
group P". 

The primary generators (p^, j^y) for the ordinary local spinor (Fermi) P-representation in 
S^'^ are the following Lie operators 

Pp = dp = d/dxP, jp„ = iTLp^ + Spa {iTLpa = Xpda - x^dp, Sp^ = -[jp, 7^]). (4) 

The operators p^, jp^y from (4) commute with the Diracian i'~f^dp — m. Therefore, formulae (3) 
with generators (4) define the local spinor (Fermi) ^^-representation of the group V in the 
form 

^(x) ^ ^'{x) = [F{a, u) = Fi(c^)F2(a, u)]^{x) '^ (1 + a% + ^u''''jpy)^{x), (5) 

which is the V- group of invariance of equation (1). In formula (5) the following notations are 
used: 



''^' ^'■■'- —'^^""sp.) '=' (1 + Vs..) ~ (i, 0) ® (0, i„ 



^, ^P' G S^'\ Fi(a;) = expi-u>^rspy) '^ (1 + -u^^rspy) ~ (-,0) ® (0, -), (6) 



F2(a, oo)^{x) = exp{a^p^+^co^''m^,)^{x) = ^{A-\x-a)) '^ {l+a^p^+^oo^''m^,)^{x), A'' G P^ 

(7) 
We pay attention to the following detail of the mathematical correctness of consideration. 
The space S^'^ is the common domain of definitions and values both for the generators (p^, j^^) 
(4) and for all functions from them, which we use here (in particular, for the exponential series 
(3) convergent in the space S^'^). Further, we mark that usually the fermionic ^-transformations 
of the field ip are written in the form 

ipix) ^ip'ix') = Fi{u)'^{x), x' = Ax + a, A G P^ (8) 

However, this form (contrary to formula (5)) does not demonstrate manifestly the mathematical 
definition of the group of invariance of equation (1), which is given by the definition: V^ is a 
group of invariance of equation (1), if V^"^ = \1'; or for arbitrary solution of equation (1): if 
from il){x) G \1/ results F(a, u)iIj{x) G \E' C S'^'^, where F(a, u) is given by (5). 

Let us note further that in conventional field-theoretical approach, instead of our primary 
Lie generators (4), the following operators are used 



(9) 
It is evident that these generators are associated with the pure imaginary parameters {—ia'^, —iu^'^] 
and with corresponding complex P-algebra. Below, as well as in other our publications on the 
symmetries, primary generators (4) and customary operators (9) should not be confused. 

We recall that both pure matrix operators Spa and pure differential operators rriprj from (4) 
satisfy the same commutation relations as [jpujjpa] in (2). However, the operators Spa and rripcr 
(contrary to their sum jpa-) are not the symmetry operators (operators of invariance) of equation 
(1) (operator q is called a symmetry operator or the operator of invariance of equation (1), if 
equality q^ = \l/ is valid, where \E' = {ip} C S"^''^ is the complete set of solutions of equation 
(1), see e. g. the corresponding definition in [22]). Therefore, both pure matrix /^-representation 
Fi{u) (6) and infinite-dimensional ^-representation 

F2{oo)^{x) = exp{'^co^''m^,)^{x) = ^A^^x)) '^ (1 + ^co^''mp,)^{x) (10) 

in S^'*^ are not the groups of invariance of equation (1). As a consequence of these facts (see 
arbitrary conventional consideration in relevant papers, handbooks and monographs), both 
matrix /^-spin Spa and orbital angular momentum rripcr (differential C angular momentum) do 
not generate the conserved in time integral constants of motion, i. e. being taken separately 
both spin and orbital angular momenta of the field ip are not conserved. Therefore, both pure 
matrix Fi(a;) (6) and infinite-dimensional F2(co') representations in S'^'^ of the Lorentz group C 
are not the groups of invariance of the Dirac equation (1). 

Besides the local ^^-representation, the so-called induced (see, e. g. [23, 24]) ^^-representation 
for the field ip is useful and meaningful. Mathematically this representation can be related to 
the conception of special role of the time variable t G (— cxd, oo) cM(1,3). Indeed, in the general 
consideration of the Dirac equation in the axiomatic approach, it follows from equation (1) that 
the Dirac field ip satisfies identically the Klein - Gordon equation 



{d^'df, + m^ = d^-A + m^)^{x) = 0, ^eS'^'**, (11) 

which is the equation of hyperbohc type. As a consequence of this fact, the generahzed soluti- 
ons of the Dirac equation (1) are the ordinary functions of the time variable a;° = t G 
(—00, 00) CM(1,3) (they are the generalized functions of the variables it = (x^) G R^ C M(l, 3) 
only). Therefore, due to a special role of the time variable x^ = t E {x^^) (in obvious analogy wi- 
th nonrelativistic theory), one can use in general consideration the quantum-mechanical rigged 
Hilbert space 



g,,4 ^ pj.,4 ^ g 



:3,4*. 



:;3,4 



S(R=') X C^ 



where 



H=^'^ = L2(R') X C^ = {/ : R3 ^ C^ J d^x\f{t,lt)\^ < 00}, 



(12) 



(13) 



is the quantum-mechanical Hilbert space of the 4-component functions over R^ C M(l, 3) 



(depending parametrically on 



X 



t), which are the square modulus integrable over the 



Lebesgue measure d^x in the space R^ C M(l,3). Just the space R^ is interpreted as the 
coordinate spectrum of the quantum-mechanical particles described by the field ■?/'. 
In this concept, the Dirac equation in the Schrodinger form 



idoilj = HiIj ^ {do - po)ip = 0; H = -i^{-i-i^dk + m), po = -iH, 
(which is completely equivalent to the equation (1)) in the integral form is given by 



(14) 



^(t) = M(to, t)7/'(to); M(to, t) = exp[~iH{t - to)]; ^(to), ^(t) C S^'^*. (15) 

In formula (15), the unitary operator u{to, t) (with arbitrary-fixed parameters tg, t G (—00, 00) C 
M(l, 3)) is the operator of automorphism in the rigged Hilbert space (12) (below we set to = 0). 

Recall that the test function space S^'^ has a few wonderful features. It consists of the 
functions being infinitely smooth (infinitely differentiable with respect to x^) rapidly decreasing 
at the infinity |"af | — )■ 00 in arbitrary direction in R^ together with its derivatives of arbitrary 
orders. Further, it contains the space of the finite functions with the same properties. Moreover, 
the space S^'"^ is kernel in the triple (12). The last one means that this space is dense both in the 
H^'^ and S^''^* spaces. Therefore, below we restrict our consideration to the suggestion ip G S^'^ 
in equation (14). Such restriction is both mathematically correct and technically appropriate 
(it does not require the using of the functional form of the elements ip G S^'*^*). It is also 
physically motivated. Indeed, an arbitrary measurement of a construction from ip^'^^ C S^''^* 
by an equipment of an arbitrary degree of accuracy can be successfully approximated (with 
forward fixing arbitrarily precise degree of accuracy) by the corresponding constructions from 
the prelimit functions ip G S^'"^ C H^-*^ C S^'"^*. 

For definiteness below we use the Pauli - Dirac (PD) representation of the Clifford - Dirac 
7-matrices 



r 



ri' 



+ 7^7^ = 2^^^ g = {g^,) = diag gi+ 



(16) 
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-1 
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5 ^ 


-1 



1,2,3. 
(17) 



In this representation, the SU(2)-spin primary generators are given by the matrices s^ 
|[7£,7n]. Two of them are quazidiagonal and the s^-matrix is diagonal: 



^ 



lS23,S31,Si2j 



-^ 

^ 



-> s. 



1 











~1 








1 











-1 



Therefore, the operator Sz contains the projections of the spin ^ on the axis z of the quantum- 
mechanical spin- 1 doublet of particles. 

The primary P-generators of the P-representation in the space S^''^ have the form of the 
following anti-Hermitian operators 



Po 



-iH = -70(7 di + im), p^ = p^. = dk, jki = jki = rriki + su, jok 



tdk--{xk,Po}, (19) 



where {A, B} = AB + BA and t G (—00,00) is the arbitrary-fixed parameter (the primary 
generators q = (p^, j^^) (19) coincide with the corresponding operators _ -^gSt^nd^ where q^^^^'^ 
are given by the formulae (126)-(129) in [24]). Using the Heisenberg commutation relations 
in the form [x^, i9j] = 6ij and the SU(2)-relations for s^ (18), it is easy to show that the 
operators (19) satisfy the commutation relations of P-algebra in the manifestly covariant form 
(2). Furthermore, generators (19) commute with the operator {Oq — po) of the equation (14). 
Therefore, as a consequence of anti-Hermiticity of arbitrary operator from (19), the induced 
P-represent at ion 



(a, uj) eV^ U(a, u) = exp{a^p^ + -uj""],,^) 



(20) 



in the space S^'*^ is unitary and is the group of invariance of equation (14). Hence, in the 
definition 



1 



w^ 



i^e- ' PpJua -^ w- 



the main Casimir operators for the generators (18) are given by 



stand 



(21) 



P^P,^ 



pI 



d 



m\ 



4, 



I4 = diag(l, 1,1,1), 



(22) 



W 



w^w„ 



r\ V O Q X , J- , 

m ~s = m -( — h IjL. 

2^2 ' 



(23) 



According to the Bargman - Wigner classification, just this fact means that in equation (14) 
(for which the induced ^^-representation (20) is the group of invariance) the field ■j/' is the 
Fermi field (the field of quantummechanical spin-| doublet of particles with the mass m). 

The relativistic invariance of the spinor field theory with respect to the representation (20) 
has some special features. It should be stressed once more that in the induced ^^-representation 
(20) the time t = x^ plays a special role in comparison to the role of space variables x^. Moreover, 
we use in the definition (13) such P-non-covariant objects as the Lebesgue measures d^x (or d^k 
in the momentum representation of the rigged Hilbert space (12) for the field states ■?/' G S^''^). 
Nevertheless, the theory of the spinor field '^ based on the induced ^^-representation (20) is 



obviously relativistic invariant. The proof is given in the text after formulae (19) and by the 
Bargman - Wigner analysis of the Casimir operators (22), (23). 

Now we are in position to give some comparison of the local and induced ^^-representations 
(5) and (20). It is easy to see that in the set of solutions \1' = {ip} of equations (14) = (1) the 
local P-representation (5) and the induced ^-representation (20) coincide. Moreover, the main 
Casimir operators for the Lie P^-generators (4) have the form 



P 



loc2 



= p% = d^d^, W^°" = m^^^ 



Id^d,. 



(24) 



Therefore, the eigenvalues of the main Casimir's for the ^^-representations (5) and (20) coinci- 
de. Note, by the way, that as it is easy to show formulae (24) have the same form for arbitrary 
Lie operators (4) (i. e., for arbitrary local P- representations), for which the Lorentz spins s^j, 
generate the /^-representations (s, 0) §>> (0, s). 

Mark that the local generators (4) in S'^'^ are the functions of 14 independent operators 
x'', dp, Spa (the Lorentz spin operators Spa are the independent orts of the CD-algebra). The 
conception of Hermiticity or anti-Hermiticity in S^'^ is not inherent both for these 14 operators 
and P^-generators (4). Therefore, the concept of unitarity is not inherent for the local V- 
representation (5) as well. It means that the P-representation (5) itself (and, similarly, its 
generators (4)) does not contain the information "what quantum- mechanical particles are 
described by the filed ip from equation (1)". 

Contrary to these facts, the generators (19) of induced ^^-representation in the space 
S^'"^ are the anti-Hermitian functions of (particularly) other 11 independent operators it = 
(x^), di, Ski, 7°5 ""^ or are the functions of the standard Hermitian in S^'^ operators: "a^ = 



[X 



t 



stand 



ide), 'f 



stand 



HSi„ 



7°, m. Hence, the induced ^^-representation (20) is 



unitary in the quantum-mechanical rigged Hilbert space (12). However, the restriction of the 
local ^^-representation (5) on the set ^ C S^'^ of solutions of equation (1) = (14) coincides with 
the induced ^^-representation (20). 

Nevertheless, both local and induced ^^-representations have few common physical shortcomi- 
ngs (namely it is the reason of our start from the FW-representation of the spinor field theory, 
where ^^-representation does not have the above shortcomings). These shortcomings are related 
to the PD-representation of the spinor field ip. In order to explain these assertions, we recall 
the general solution of equation (14) = (1) in the rigged Hilbert space (12): 



■i{j{x) 



(27r 



d^k[a'{t)v;(t)e-'''^ + b*'it)v^(t)e'''% r = 1, 2. 



Here kx = cut — k li' , to = y k + m? and the 4-component spinors are given by 



(25) 



:t) 



N 



{u + m)dr 
( o^ ■ t)d. 



:t) 



N 



{-^ ■ t)d, 
{u + m)dr 



N 



2u{u 



di 



m) 



/-P-N 



(26) 



k ) are the 



We want to emphasize that, in general, the four independent amplitudes a^{ k),lf 
generalized functions from the rigged Hilbert space in the momentum representation. Still, if 
i) G S^'^ C S^'^*, then a'C^), ¥{t) G S^'^ = S(R|) x C^ (where R| is the spectrum of the 
quantummechanical operator "p") and the space S^'^ is a kernel in the rigged Hilbert space 
S^'"' C L2(R|) X C"' C S^'^*. Taking into account that any partner from the triplet of spaces (12) 





1 



is invariant with respect to the 3- dimensional Fourier-transformation, one can omit the symbol 
"tilde"over these spaces. Therefore, just the fundamental solutions e^^'^^v^{ k ) of the equations 

(14) = (1) are the essentially generalized solutions (for them {d^{ k), b^{k)) ^^ 6{k — k ) E 
S(R|)*). 

It is well-known that the spinors v^{ k ) (27) are called the spin states of the doublet. 
Nevertheless, they are not the eigenvectors of the operator s^ = s^ from ~^ (18)- They are 
the eigenvectors of the operator s^^^'^^ = s^Dirac ^^ -^ irac fj,^]^ nonlocal spin operator in the 
PD-representation for the spinor field ip, which is given by 

^D.ac ^ y-^^y ^ ^ _ lll^iV] ^ V X [^ X V] 

and which is obtained from the ~^ (18) by the FW-transformation V [18] (the prime operator 
-^ irac 1^2'j'^ coincide with the corresponding spin —i~i' , where ~i' is given in the table 1 
in [18]). Indeed, it is easy to see that the following equations are vahd: 

(28) 
where s^ = s^(18), s^^^^'^ = s^^^^'^^{27) (the assertion (28) is our small addition to the consi- 
deration [18]). Moreover, operator s (18) does not commute with both the prime Dirac operator 
from equation (1) and the operator do—po (or H) from (14). Therefore, for the spinor field ip in 
the PD-representation the operator ^ (18) can not be interpreted as the quantum- mechanical 
spin operator for the spin ^-doublet of particles and does not generate the spin conservati- 
on law (even in the absence of interaction), which contradicts the experiment. Furthermore, 
as is known from [18], the operator it = (x^) G R^ C M(l,3) in the PD-representation for 
the field ip also cannot be interpreted as the quantum-mechanical operator of 3-coordinate 
for the spin ^-doublet of particles. Nevertheless, operators ^ (18) and it are the important 
structure operators (which possess the physically meaningful quantum-mechanical spectra) for 
the construction of generators (4), (19) and corresponding local and induced ^^-representations. 

As shown in [18] the above shortcomings follow from the non-diagonality of the Hamiltonian 
H = ipo in (14). Therefore, in the PD-representation of the field ip, the particle and antiparticle 
states are mixed. The progressive way of moving forward was suggested in [18]. The FW- 
representation of the spinor field theory is free from the above shortcomings, e. g. the coordinate 
"af = (x^) of the FW-spinor and spin ~^ (18) in this representation have direct physical 
meaning of corresponding quantum-mechanical observables of spin-| doublet of particles. It 
is important that just the components of this spin ~^ are the elements of the CD-algebra in 
the PD-representation. The above arguments force us to start from the FW-representation 
of the spinor field (not from the PD-representation) and to consider the CD-algebra in the 
PD-representation just inside the FW-representation of the spinor field. 

Our search for the hidden symmetries of the Dirac equation is based on the method of 
extension of the CD-algebra as the real one (on the basis of including in it the orts i and C). 
It appears to be possible just owing to considering the P-generators in terms of the primary 
operators. 



3 The Foldy - Wouthuysen representation and the extended 
real Chfford - Dirac algebra 

In order to derive the assertions mentioned in introduction, we essentially use two constructive 
ideas. 

(i) The above physical arguments (see Sec. 2) cause our start not from the standard Dirac 
equation but from its FW representation [18] 



(ido - 7ocu)0(x) = 0, = VV, (29) 



-i^ ■ V + cD + 



772 



^ ^ , . ^ ^ ^ ^_i ^ ^^^ ^ _^^^ ^ ^ ^_^ + m\ V = (di). (30) 

J2Q{Q + m) 

In the space (12), the operator V is unitary. The general solution of the FW-equation (29) 
(the Dirac equation in the FW-representation) in the quantum-mechanical rigged Hilbert space 
(12) is given by 

0(a;) = V^{x) = -^ ( d?k[d(t)J^;e-'^'' + r(l^)D+e*'="], r = 1,2, (31) 

(27r) 2 J 

where the 4-dimensional Cartezian basis vectors in the space C^ have the form 



d; = Vv;(t) 







D+ = Vv+(t) 





dr 



(32) 



and amplitudes a^{k)^ }f{k) as well as two-component vectors dj. are the same as in (25), (26). 
Contrary to the basis (26) the vectors (32) are the eigenvectors of the quantum-mechanical 
spin operator Sz G s^ from ^ (18). The fundamental solutions e^'^^^Df of equation (29) are 
the relativistic quantummechanical de Broglie waves (with the determined values of the spin 
Sz from (18)) for the spin-| doublet of particles. 

Note that both the set of fundamental solutions {^r^} of equation (1) = (14) and {"^l^} of 
the equation (29), 

^l(-) - (^^""^^"(^)' ^E(-) - (^^""D- (33) 

are the common eigenvectors of the complete set of mutually commute independent operators in 
S^''^, namely ("jt*^*^" = {—ide), s^^^^^) for the set {^5 } and ("p", Sz) for the set {<l>5 } (of course, 
they satisfy one and the same orthonormality and completeness conditions). These facts present 
the evident proof of the adequate physical meaning of the spin operators ^ "^'^ (27) and ~^ 
(18): the first is the true spin for the spinor field ip in PD-representation and the second is that 
for the spinor field in FW-representation. 

Moreover, now the P^-generators of the unitary (induced) P^-representation for the field 
(p (obtained from the operators (19) with the help of ^^-transformation (30)) are the functi- 
ons of 11 directly experimentally observed operators ("af = (x^), "jT"*^*^" = (^—idi), ~^^^^'^ = 
(isin), 7°, m) or prime operators {it = (x^), V = (di), ^ = (s^)(18), 7°, m): 

PO = -«70W, Pn=Pn = On, Jin = Jin = Xldn-XnOl + Sln, Jok = Xodk+l'Jo{XkU} + —z^ :: } 

2io 00 + m 

(34) 



(the standard form of the primary generators (34) see e.g. in the formulae (D-64)-(D-67) in 
[24]). Now the P^-representation for the field 0, 

(a, uj)eV ^ U(a, uj) = exp(a% + -w^^j^.), (35) 

(the P^-group of invariance of the equation (29)) have no of the above mentioned shortcomings 
inherent for the local (3) and induced (20) ^^-representations. The Casimir operators for the 
generators (34) are the same as in (22), (23). The theory of the spinor field in the FW- 
representation, which is recalled here, can be evidently generalized for the fields of any spin s 
(where (s^) = s are the arbitrary generators of an SU(2)-algebra representation). 

Not a matter of special separate role of the time variable t = a;°, the theory of the spinor 
field in the FW-representation is the relativistic invariant (namely, P-invariant) in the sense 
of two necessary aspects, (i) The dynamical aspect: the unitary ^^-representation (35) is the 
group of invariance of the equation (29) (the main conservation laws for the spinor field in 
the FW-representation are the consequences of this assertion), (ii) The kinematical aspect: if 
the solution (31) with arbitrary-fixed amplitudes a^{ k ), b'^{ A; ) is a given state of the spinor 
field in the arbitrary- fixed inertial frame of references (IFR) S, then for the observer in the 
(a, C(;)-transformed IFR S' the solution 0'(x) = U(a, u)(j){x), x G M(l,3), is the same state of 
the spinor field. 

Some other details of physical arguments for our start from the FW-representation are as 
follows. Just the components of the field of the FW equation (29) coincide with the quantum- 
mechanical wave functions of the particle doublet. Furthermore, it is the FW-representation, 
where the operators of directly experimentally observed quantities of this doublet are the 
corresponding direct sums of the quantum-mechanical observables of single particles, which 
form the doublet. Therefore, it is in the canonical (i.e. FW) representation where these operators 
have the status of true observables of the particle doublet. In particular, the 16-dimensional 
Clifford - Dirac (CD) algebra (see formulae (36) below) generated by the 7'^-matrices (17) 
contains the generators of the SU(2) group, which commute with the Hamiltonian 'j^u of the 
FW equation (29). The last assertion means that the spin ~^ (18) of the free particle doublet 
is conserved. Therefore, the operator ~i' (18) given in the set {0} of solutions (31) of equation 
(29) has the status of true spin. This is the reason to consider the prime CD algebra in the PD 
representation (17) as an algebra in the set {0} C (12). In order to avoid misunderstanding, 
note that in our consideration the 7''-matrices in the FW representation have the form (17), 
not V'-f^V^^. Of course, V^^{idQ — 7ocD)V = i'y'^d^ — m with the 7^-matrices (17). 

Finally, one have a simple technical reason to prefer the FW-representation. In the FW- 
representation the operator of equation (29) contains only one diagonal 7''-matrix instead of 
four 7'^-matrices in equation (1)=(14). Hence, equation (29) and the FW-representation are 
much more convenient in searching for the matrix symmetries (in comparison with the prime 
equation (1) = (14) and the PD-representation for the spinor field). Note that such method and 
these advantages of the FW-representation are well-known since the appearance of publications 
[18, 24] (see e.g. the table 1 in [18], where the important for physics symmetry operator ^ 
(27) was found, or the generators (126)-(129) in [24]). We recall them only for our purposes. 

(ii) Here (see the formula (38) below) we introduce into consideration a 64-dimensional 
extended real Clifford - Dirac algebra (ERCD algebra) as the algebra of 4 x 4 pure matrix 
operators in the set {0} C (12). We essentially apply it here as a constructive mathematics 
for our purposes. For the physical purposes, when the parameters of the relativistic groups are 
real, it is sufficient to consider the 16-dimensional standard CD algebra in the complex space 
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(12) as a real algebra. It enables us, along with the application of the imaginary unit "i"and the 
operator C of complex conjugation in the set {0} C (12), to extend this algebra to the ERCD 
algebra in the space (12). It is on the base of the ERCD algebra that we are able to find the 
maximal pure matrix algebra (without the space-time derivatives (9^) of invariance of the FW 
equation and the corresponding algebra of invariance of the Dirac equation with an arbitrary 
mass in the standard PD representation. The ERCD algebra is the complete set of operators, 
the part of which generates the Pauli - Gursey - Ibragimov (PGI) algebra. Let us recall that 
the 8-dimensional (for m=0) and 4-dimensional (for a nonzero mass) PGI algebras of invariance 
of the Dirac equation are considered in details, for instance, in [13,17] (these algebras were put 
into consideration in the original papers of W. Pauli, F. Gursey and N. Ibragimov, see, e. g. 
[25,26]). 

Finally, it is useful to choose 16 independent (ind) generators - orts of standard CD algebra 
as 

{indCD} = |l, a^p = 2s/ip : s^^ = - [7^, 7£>] , s^g = -Sg^ = -7^; 74 = 7o7i7273, /",'> = 0^5, fi,u = m| 

(36) 
where 74 = 70717273 = ^75*'*'^'^ and the matrices s^,> are the prime generators of the SO(1,5)dSO(1,3) = 
\j\ group (associated with the real parameters - the angles uj'^'^ of rotations in fiv planes of the 
space M(l,5) D M(l,3)), these operators satisfy the following commutation relations 



\Sjli>) "^po"] 



-giipSua-gpi>saii-guaSnp-gaiiSpi>; /i, z> = 0, 5, {g^) = diag(+l, -1, -1, -1, -1, -1). 

(37) 
By complementing the orts (36) of the real CD algebra with the operators i, C and with all 
possible products of orts (36) and operators i and C, we define the ERCD algebra as the linear 
manifold spanned on the orts 

{ERCD} = {indCD, i ■ indCD, C ■ indCD, iC ■ indCDJ . (38) 

Thus, the ERCD algebra generators are the compositions of the standard CD algebra 
generators (36) and the generators of the PGI algebra [25, 26], i. e. it is the maximal set 
of independent matrices, which can be constructed from the elements i, C, and (36). 

All the physically meaningful symmetries of the FW and Dirac equations put into consi- 
deration below are constructed using the elements of the ERCD algebra. 

4 Maximal pure matrix algebra of invariance of the Foldy 
— Wouthuysen equation 

Consider the 32-dimensional subalgebra A32 = S0(6) © i ■ S0(6) © £ of the ERCD algebra. It 
is easy to see that the part of ERCD algebra generators, namely the operators 

Sab = -^[lA, 1b] = -sba, A, B = T76, 75 = 7173C', 76 = hilsC, (39) 

(here A,B = 1,6 includes ah = 1,4 from (36)) and i = i'-fo, satisfy the commutation relations 
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[sab,scd] = SacSbd + ScbSda + SbdSac + SdaScb, [sAB,i] = 0; A,B,C,D = 1,Q. (40) 

Therefore, operators (39) generate a representation of the S0(6) D S0(3) group of space 
rotations in the space R^ C M(l,6) D M(l,3). On this basis, together with the additional 
S0(6) Casimir operator i = i'~fo = —717273747576) we define the S0(6) ©e algebra and, finally, 
the A32 = S0(6) ©£• S0(6) (Be algebra. The commutation relations for the i ■ S0(6) generators 
Sab = esAB differ from (40) by the common factor i = i'jQ. The 3 2- dimensional subalgebra 
As2 = SO(6)®e-SO(6)®e of the ERCD algebra in the rigged Hilbert space (12) is the 
maximal pure matrix algebra (without the space-time derivatives d^) of invariance 
of the FW- equation (29). 

The proof of this assertion is carried out by straightforward calculations of (i) the correspondi- 
ng commutation relations (40) for elements of this algebra, (ii) the commutators between the 
elements of A32 and the operator {ido — 7oci)) of the FW equation (29) . The maximality of A32 
as the algebra of invariance of the equation (29) is the consequence of the maximality of the 
dim(ERCD)=64 (in the class of pure matrix operators). 

Note that antihermitian matrices {7^ : 71, 72, 73, 74 = 7o7i7273, 75 = 7i73<5, 76 = ililzC , 77 
i7o} satisfy the commutation relations '^aIb + 7_b7a = ~25as, A,B = 1,7. 

The explicit form of the elements of corresponding algebra A32 of invariance of the Dirac 
equation in the PD-representation is found from the elements (39) and i with the help of the 
FW-transformation (30): V^^(A32, i)V. In PD-representation this algebra of invariance (of the 
prime Dirac equation (1)) is given by the nonlocal operators. 

5 Spin 1 Lorentz- symmetries of the Foldy — Wouthuysen 
and Dirac equations 

The FW-equation (29) is invariant with respect to the two different spin 1 representations of the 
Lorentz group C (below s^^ are the generators of the irreducible vector (1/2,1/2) representation 
and s^^ are the generators of the reducible tensor-scalar (1,0) © (0,0) representation of the 
S0(l,3)= L^ algebra). The explicit forms of the corresponding pure matrix operators are given 
by 



„TS _ r TS _ I ,11 .TS _ I ,11 | V _rV__I ,11 V _ ^TS | (a,^ 



where sJ^J,^ are the following elements of A32 algebra: 



s\u = {slk = 2^kl4, sL = 4 [7m, Ik]}, 74 = 7o7i7273, (k, m = 1, 3), (42) 



sj^i = {so\ = 272C, sf,^2 = -272C, sj,^3 = --7o, ^2 = 2' ^"1 = 2^o^2<^' ^23 = 27o72C}. 

(43) 
The sets s^ (42) and s^^^, (43) determine in A32 the generators of two different versions of 
(1/2, 0) © (0, 1/2) representation of the £-algebra. The validity of these assertions are evident 
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after the transition s 



Bose 



Ws^^^^^W- 



alter trie transition s"^; = W s ' W m tiie 
W'-f^W~^), where the operator W is given by 



the Bose-representation of the 7- matrices (7/^^°*^° = 



72 
















c 
-c 



c 
id 





W = -^ 



1 

^72 









-1 


-1 


~i 
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iC 






-c 





ww-^ = w-^w = 1. 



(44) 
but also the 



In such Bose-representation, the 7^^ ^"'^'^-matrices contain not only the operator i 

operator C of complex conjugation. Nevertheless, the Lorentz spin matrices s^"^'^ = . , ^ 

in the Bose-representation do not contain the operator C and take the explicit forms known 

well for the matrix representations (1,0) §>> (0,0) and (1/2,1/2) of the group C ~S0(1,3): 
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-512 
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V,TS Bose 
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,TS Bose 
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(45) 



^ V Bose 
'01 









-10 
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^V Bose 
'02 


















-1 














-1 






^ V Bosc 
'03 




































-1 








-1 






We call the transition — > W(f) with W (44), which links the given fermionic and bosonic 
multipletes, a new natural form of the supersymmetry transformation. The corresponding 
symmetries of the Dirac equation are obtained with the help of FW-transformation (30). 

6 Spin 1 Poincare-symmetries of the Foldy — Wouthuysen 
equation 

The FW equation (29) is invariant not only with respect to the well-known standard 
spin 1/2 ^^-representation (35), but also with respect to the canonical-type spin 1 
representation (Bose representation) of the Poincare group V, i.e. with respect to the 
unitary (in the set {(/>} of solutions of equation (29)) ^^-representation, which is determined 
by the primary generators 



PO=Po = -ilQUJ, Pn=Pn = On, jln = Xldn-X^dl + Si^^ + Si^, jofc = Xodk+i'yo{XkUJ+-^^ 

2u 



dk , [{^' + ^") X t] 



u + m 



(46) 
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where cD is given in (30), sj„ and sj^ are given in (42), (43), respectively, and s^'^^ = (S23, S31, 512)^'^^. 
The proof is performed by the straightforward calculations of (i) the corresponding V- 
coniniutators (2) between the generators (46), (ii) the commutators between generators (46) 
and operator {ido — 7oiu)), (hi) the Casimir operators of the Poincare group for the generators 
(46). Acoording to the Bargman - Wigner classification of the P-covariant fields, just these 
facts (especially (iii)) visualize the hidden Bose essence of the ^^-representation, generated by 
the operators (46). For the P^-representation the explicit form of main Casimir operators is 
following 



P^Pii 



m\ W 



W^Wi, 



m 



[^ 



TS\2 



(47) 



(compare with (22), (23)), where w^ = \s^^''"ppjya and, after diagonalization carried out with 
the help of operator W (44), 



I3 




I. = 



1 
1 
1 



(48) 



7 Spin 1 symmetries of the Dirac equation with nonzero 



mass 



It is easy to see that the prime Dirac equation ^ has all above mentioned spin 1 
symmetries of the FW equation. The corresponding explicit forms of the generators g^° in 
the manifold {^} are obtained from the corresponding formulae (39), (41) - (43), (46) for the 
FW generators g^^ with the help of the FW operator V (30): g^° = V^^q^'^V . As a meaningful 
example, we present here the explicit form for the spin 1 generators of V^ -symmetries of 
the Dirac equation 



Pr 



Po 



JPD 



PD 



iH, pfc =dk, jki = Xkdi - xidk + sm + hi, Jok = ^odk - XkPo + sok + 



^kenSoedn 

Q + m 
(49) 



where Skin is the Levi-Chivitta tensor, and the operators s^u-, s^y = V ^s^^^V have the form 



^ixu 



■^bt^,lu], /i,z/ = 0,3. 



^flU 



{.01 = 2^72^7, .02 = --72^^, .03 = -7 ^ = -^, 



(50) 



.12 = -, .31 = ^72^, .23 = ^12C} 

(the part of the Lorentz spin operators from (50) is not pure matrix because they depends 
on the pseudodifferential operator Q = \/—A + m^ well-defined in the space S^'^). Of course, 
the Casimir operators for the P^-generators (49) have the same final form (47), (48) as for 
the generators (46). The Dirac equation in the Bose-representation of the 7-matrices (^'yi^^°^^ = 
W'y'^W~^) is the Maxwell-type equation for a massive tensor-scalar field. 

Note that the generators (46) without the additional terms s}^ (43) and s*^ = (S23, S31, .12)^^ 
directly coincide with the well-known generators (34) of standard Fermi (spin 1/2) P^-symmetries 
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of the FW-equation (similar situation occurs for the generators (49) taken without the terms 
including the operators s^^ from (50) - they coincide with the operators (19) of the induced 
^^-representation (20)). These well-known forms determine the Fermi-case while operators 
suggested here are related to the Bose interpretation of equations (1), (29), which is found here 
also to be possible. The only difference of our Fermi-case from the spin 1/2 generators in [18] is 
that we use the prime form of generators related to the real parameters of the Poincare group. 

8 The case of zero mass, brief remix 

After the analysis of the arbitrary mass case presented here, the specific character of the zero 
mass case [12-17] becomes evident. For m = the analogs of the additional operators s^,^ (50) 
are the local pure matrix Lie operators (see, e. g. formulae (12) in [13]). Therefore, for the 
m = case, the corresponding P^-generators are much simpler than those in (49) and contain 
no nonlocal terms. Moreover, for the m = case, the appealing to the FW-representation and 
ERCD-algebra is not necessary. In [12-17] all Bose symmetries of the massless Dirac equation 
were found in the standard PD-representation of the spinor field ip on the basis of the ordinary 
CD-algebra and well-known [25, 26] PGI operators. Thus, the search for the additional bosonic 
symmetries of the massless Dirac equation is technically much easier. Therefore, our results [12- 
17] contain a lot of additional meaningful information in comparison with the results presented 
here for the nonzero mass. In [12-17], the full consideration of the Fermi - Bose duality of 
the massless Dirac equation is given. Furthermore, the Fermi - Bose duality of the Maxwell 
equations with the gradient-type sources, which are the Bose partner of the massless Dirac 
equation, is investigated in details. In our further publications we will be in position to extend 
and generalize on the same level all our results presented briefly here and to reproduce all the 
results of [12-17] for the case of nonzero mass. For example, the unitary relationship between 
the fermionic amplitudes a^{k)^ lf{k) of the solution (25) and the bosonic amplitudes of the 
general solution of the Maxwell-type equation for a massive tensor-scalar field will be given (the 
analog of the unitary relationship (31) in [15], or (40) in [16], from the case m = 0). Hence, 
the next steps of the analysis of the Fermi - Bose duality of the Dirac equation with arbitrary 
mass will be given. 

9 Brief conclusions 

The following four principal results have been proved and presented. 

1. In the FW-representation for the Dirac equation the new mathematical object - the 64- 
dimensional Extended real Clifford - Dirac (ERCD) algebra - is put into consideration. The 
ERCD algebra is a pure matrix algebra, i. e. the algebra without any derivatives from the space 
variables, transformations of reflections, inversions etc. 

2. The 32-dimensional subalgebra A32 = S0(6) © 270 ■ S0(6) © 270 (^70 = i) of the ERCD 
algebra is proved to be new and the maximal pure matrix algebra of invariance of the FW 
equation. Its image V"^{K^2)y is the algebra of invariance of the standard Dirac equation in 
P D-represent at ion . 

3. It is shown that some subsets of generators from the A32 have the meaning of the well- 
known fermionic SL(2,C)- and SU(2)-spins (see formulae (42), (43)), and other (41) have the 
meaning of new bosonic SL(2,C)- and SU(2)-spins. Therefore, as the symmetry operators, they 
have the useful physical interpretation. 
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4. On the basis of the above (see item 3) spins, operators "af and V (together with well- 
known fermionic ^^-representation), the new (hidden) bosonic P^-representation of the proper 
ortochronous Poincare group V, as the group of invariance of the Dirac and FW equations, has 
been found. Using the Bargmann - Wigner analysis this new ^-representation has been proved 
to be the P^-representation for the Dirac field as the field of particles with the spin 1. 

Therefore, here the assertion that "the Dirac equation can describe the bosons, not only the 
ferniions"is put into consideration as an interesting new possibility. The details and consequences 
of this assertion will be given in our further publication, where all results of our papers [12-17] 
on the m = case will be repeated for the general case of nonzero mass. Thus, we suggest here 
a begining of a natural approach to the supersymmetry of the Dirac equation, in which the 
Fermi and Bose superpartners are linked by the transformation (44). 

The possibilities of the ERCD algebra application are much more extended than a few 
examples with the Dirac and FW equations considered above. In general, the ERCD algebra 
can be applied to any problem, in which the standard CD algebra can be used. Therefore, the 
introduction of the ERCD algebra is a meaningful independent result in the field of mathemati- 
cal physics. 
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